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ABSTRACT In this paper, we define composed product andpitdi@ation for the case g2pe a power of

a prime number p, and, Be the finite field with g elements.

INTRODUCTION

1.1  Composed Products and applications. Let g=p be a power of a prime number
p, and let § be the finite field with g elements. The multiglitve version of
composed product of two polynomials £]B,[X] (or composed multiplication for
short) defined by

(fog)= ] (x~aB)
a 'p
Where the productﬂ |_| runs over all roots ofi, B of f, g respectively, was first
a B

introduced by Selmer (1966) [7] for the purposestoidying linear recurrence sequences
(LRS). Informally, LRS’s are sequences whose tedligtsend linearly on a finite number
of its predecessors; thus a famous example of a isERBe Fibonacci sequence whose
terms are the sum of the previous two terms. Ldbeka positive integer and let

a,a,,a,,...a,_be given elements in,FThen a sequence Sfs,,s,,..} of elements
s, O F,satisfying the relation

Snik = AqShiker T A4Sk T TS, 4, n=0,1, ...

is a LRS. If a=0, then S is called a homogened®S.LUf we let k=2, a=(&, =a, =1and

$%=0, s=1 then S becomes the (homogeneous) Fibonacci segud RS’'s have
applications in coding theory, cryptography, antleotareas of electrical engineering
where electric switching circuits such as lineadigack shift registers (LFSR) are used
to generate them. See chapter 8 in [6] for thisagdneral introduction. In particular, the
matter of the linear complexity of a LRS, and mgemnerally, the linear complexity of

the component wise multiplication of LRS’s, is afegt importance in stream cipher
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theory, a branch in cryptography; here a higher glerity is preferred. See [4] for
instance and the references contained thereineShe linear complexity of a LRS is
given by the degree of the minimal polynomial of (RS, minimal polynomial s with
higher degrees are therefore preferred.

The polynomial

f(x)=x-a, X" -a X2 -..—alF[X]

is called the characteristic polynomial of S (sé@.[In 1973, Zierler and Mills [9]
showed that the characteristic polynomial of a congmt wise multiplication of LRS’s
of the composed multiplication of the characteriginlynomials of the respective LRS’s.
That is ,if §,S,....,S are homogeneous LRS’s with respective charadtepstynomials
f,fo,.....f, then the characteristic polynomial of & ...§ with component wise
multiplication, is given byf, o f,o...f.. We refer the reader to page 433-435 in [6] as
well. Note that since the required minimal polynalsi are the factors of the
characteristic polynomialg, o f, o...f of LRS’s, the study of factorizations of composed
products has an important significance. Thus coeghgeoducts have applications in
stream cipher theory, LFSR, and LRS in general.

Similarly, the composed sum of f,[gF [ X] is defined by
(f 09 =[][]x-(@+8)
a B

where the product runs over all the roetsf f andp of g, including multiplicities.
In 1987, Brawley and Carlitz [1] generalized comgabsnultiplications and composed

sums in the following.

Definition 1.1 [1] (Composed Product) Let G be a non-empty subset of the algebraic

closurel, of Fq with the property that G is invariant under thelfénius automorphism

a—o(a@)=a%(i.e., if aG, then o(a)0G ).Suppose a binary operatiohis
defined on G satisfyingo(a®pB) =o(a)o(B)for all a,F0G. Then the composed
product of f and g, denoted bigg, is the polynomial defined by
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(199)(¥) = [ [] (- (@05).
a B

where thed -products run over all rootsof f andp of g.
Observe that deg ¢fg) = (deg f)(deg g) clearly. Moreover, in [1] itnsted that when G=
r, —{0} (respectivelyl’,) and ¢ is the usual multiplication (respectively, addijdhen f
0 g becomesdg (respectively, [1 g,). Other less common examples are
0] G=r,a0B=a+p-c,wherecUF, is fixed.
(i) G=r,-{1}, adB=a + [ -apB (sometimes called the circle product), and
(i) G = anyo— invariant subset of ,,a08 = f(a,5) where f(x,y) is any fixed
polynomial in K[x,y] such that for alla, 0G .
Let M;[q,x]be the set of all monic polynomials oveydf degree> 1 whose
roots lie in G. It is also shown in [1] that thendation g (a®f) = a(a)0a(f)

implies that fog OF [x]. Moreover, if ¢0is an associative (respectively,

commutative) onM;[q, X] . In particular, composed multiplications and sums
of polynomials are associative and commutativei]Fin fact, (G,0)is an

abelian group for composed multiplication, composattition, and the

example in (i) or (ii).

1.2  Irreducible constructions. The construction of irreducible polynomials over
finite fields is currently a strong subject of iréget with important applications in
coding theory, cryptography ([2], [3], [6], [8]).r@ of the most popular methods
of construction is the method of compositions alfyjpomials
( not to be confused with composed products) whargreducible polynomial of
higher degree is produced from a given irreduqiainomial of lower degree by
applying a substitution operator. For a recent eyiinf previous results up to the
year 2005 on this subject see [3]. Perhaps onkeofmost applicable result in this

area is the following.
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1.3 Theorem 1.2 (Cohen (1969). Let f and g be two non-irreducible polynomials

over iy and P be an irreducible polynomial ovErof degree n >0. Then the

composition
F(x) = g(xJP(f(x)/g(x))

Is irreducible over {if and only if f —agis irreducible overf,, for some rootr U F ,

of P.

Note that theorem 1.2 used extensively in the pgaseveral authors in order to produce
iterative constructions of irreducible polynomig&ee [3] for instance and the references
there.

Recently, Kyuregyan-Kyureghyan provides anotheoprd Theorem 1.2 in [5] using

the idea of composing factors of irreducible polymals over extensions fields. Suppose

n/d

f is an irreducible polynomial overqFof degree n andy(x) =Zi=0 g; X Dqu[x] is a

factor of f. Then all the remaining factors are

n/d

g(u)(x) — zgiquxi ,
i=0
where 1< u< d-1. We denote g =% and thusf = H:;;g‘”) . Conversely, given an

irreducible polynomial g of degree n/d ovIF:‘qrd ,We can form the product = ﬂj;;g(“’

. However, f is not always an irreducible polynoimiver R, It is an irreducible

polynomial only when qu is the smallest extension field ofy FEontaining the

coefficients of g, i.e., wheir, (g,,...,9,) = Fo-In particular, they obtain the following.

Theorem 1.3 (Theorem 1, [5]). Let k>1, gcd(k,d)=1, and f be an irreducible paymal
of degree k over f~Further letn# 0 and be an elements IE)qfd . Set g(x) := féx+p). Then

the polynomial

d-1

E :ug(u)
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of degree n=dk is irreducible oveg iFand only if F(o,p) = Fo

We note that besides the above results there drersothat are, perhaps, equally
applicable in this area. In particular, a resuk ttu Brawley and Carlitz (1987) [1], is also
instrumental in the construction of irreducible yp@wmials of relatively higher degree

from given polynomials of relatively lower degrees.

Theorem 1.4 (Theorem 2, [1]). Suppose that (&¢) is a group and let f,g/ M, q[x, ]
with deg f = m and deg g =n. Then the composedymiold g is irreducible if and only if

f and g are both irreducible with gcd(m,n)= 1.

Now we construct irreducible polynomials througle tise of composed products. First,
we show that for some choiceswfB, the product of irreducible polynomials in Theorem
1.3, F, is in fact a composed product, and theeetan be derived from Theorem 1.4.
Now we show that some cases of the constructiorheorem 1.3 are in fact composed
products and therefore consequences of the rasatt below.

Proposition Let gcd(k,d)=1, and f be an irreducible polynomidldegree k over §
Further leta # 0 andp be elements qud . Set g(x):=fex+p) and let

u
=

be a polynomial overfof degree n=dk. Then

() If aOF,and Fq(,B):Fqd then F is a composed sum of two irreducible

polynomials with degree k and d respectively, hameglucible.

(i) If pOF,and Fq(a):qu, then F is a composed multiplication of two

irreducible polynomials with degree k and d respety, hence irreducible.

(i)  IfF,(a)=F_and B=ca, where cOF,, then F is the result of a linear
q q

substitution operation 2¢(x + c) applied to an irreducible composed
multiplication, and hence irreducible.
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(iv)

(v)

If a= B+1 andF,(a,p) = Foo then F is the circle product of two irreducible

polynomials with degree k and s respectively, wiséde hence irreducible.

If o= B+1 and F,(a,p) = Fo then F is the composed product of two

irreducible polynomials with degree k and s respebtt, where s/d, hence

irreducible.
Proof. (i) Because lif OF,, we write f (x)= f(ax). So f (x) is also an

irreducible polynomial of degree k ovey. Fherefore, by Proposition ,

d-1 — )

F(x)=|dj f W (ax+p) = I] f (x+a™p)

is the composed sum of and the minimal polynomial of* B (an
irreducible polynomial of degree d).
(i) In this case, letf (x)= f(x+p). So f () is also an irreducible polynomial

of degree k over f
d-1 d-1 — )
F(x)= |'l 9 (ax+ ) = |'! f (o)

Hence all the roots of F are the product of rodtsfoand the roots of the

minimal polynomial ofa™* ; moreover, both are irreducible polynomial over
Fq. Therefore F is the irreducible composed multggiien of f and the

minimal polynomial ofo* (both have coprime degrees)

(iii) Note that nj:)a'k““f(aq“x) is an irreducible composed multiplication
over kg, Thus, sinceﬂj;;a-kqu OFq, it must be that
d-1 " d-1
H(x) = |_! f(a¥x) = |_! f ) (ax)
is irreducible as well overgFBut then
d-1 d-1
HOcre) =[] 1@t e) = [ 1@+ )= F(9)

is irreducible over &
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(iv)Let h be the minimal polynomial of &'+1.Because F,(a,B) = Fo
there are s/d distinct conjugates of'+1 and thus the degree of g is s. We
denote an arbitrary root of fand h &yandoy respectively. Then an arbitrary

root of F(x)= H:;; f @ (ax+ B) can be written as

al(a,-p=a(a,+a-D=a"a, +1-a" =(1-a,)a, +a,=a, +a,-a,q,

Because h has degree s/d as a consequekg@of) = qu ,the polynomial F

is the composed product of two irreducible polyrasof coprime degrees,
and hence irreducible.
(vi)  Here we define the composed prodédor G=rI,-{-1} by & b=

a+b+ab, which forms an abelian group similar to gheup corresponding to
the circle product. Similarly, let h be the minin@dlynomial ofo™ -1 and

denote an arbitrary root of f and h éayanday, respectively. Then an arbitrary

root of F(x)= ﬂ:j} f @ (ax+ B) can be written as

al(a, -pP=a(a,-a+)=a'a, -1+a* =(1+a,)a, +a, =a, +a,+a.q,

Because h has degree s/d as a consequerfeg@ff) = qu , the polynomial

F is the composed product of two irreducible polymals of coprime

degrees, and hence irreducible.
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